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The historical application of mathematics in the natural sciences and in radiotherapy is compared. The various forms of mathematical
models and their limitations are discussed. The Linear Quadratic (LQ) model can be modified to include (i) radiobiological parameter
changes that occur during fractionated radiotherapy, (ii) situations such as focal forms of radiotherapy, (iii) normal tissue responses, and
(iv) to allow for the process of optimization. The inclusion of a variable cell loss factor in the LQ model repopulation term produces a
more flexible clonogenic doubling time, which can simulate the phenomenon of ‘accelerated repopulation’. Differential calculus can be
applied to the LQ model after elimination of the fraction number integers. The optimum dose per fraction (maximum cell kill relative
to a given normal tissue fractionation sensitivity) is then estimated from the clonogen doubling times and the radiosensitivity parameters
(or «/f ratios). Economic treatment optimization is described. Tumour volume studies during or following teletherapy are used to
optimize brachytherapy. The radiation responses of both individual tumours and tumour populations (by random sampling ‘Monte-
Carlo’ techniques from statistical ranges of radiobiological and physical parameters) can be estimated. Computerized preclinical trials can
be used to guide choice of dose fractionation scheduling in clinical trials. The potential impact of gene and other biological therapies on
the results of radical radiotherapy are testable. New and experimentally testable hypotheses are generated from limited clinical data by
exploratory modelling exercises.
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The main requirement for a satisfactory mathematical
model of any process is that the equation(s) must provide
a reasonably accurate assessment of the fluctuations in
outcome following changes in the initial conditions. In
general, mathematical modelling techniques answer the
question, ‘what if’, when applied to numerical problems.
Unlike the case with physics, engineering and biology, the
application of such models in medicine has been limited.
Medical decisions usually require a combination of knowl-
edge and experience in order to analyse and interpret
symptoms, physical signs, images and biochemical parame-
ters. This form of decision-making is unsuitable in com-
plex non-linear processes, to an extent that computational
methods are indicated.

HISTORY OF MODELLING IN THE NATURAL
SCIENCES

Historical modelling examples include the classical deter-
ministic relationships between velocity, distance and time
enunciated by Galileo and Newton. Nowadays, determin-
istic models are routinely used in the computerized design
of cars, aircraft, industrial production, and so on. Much of
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Newtonian mechanics involves a balancing of opposing
forces for which optimized solutions may be found, using
calculus. There are interesting parallels to this in the
optimization of radiotherapy, where total tumour dose
must be balanced against normal tissue toxicity and over-
all treatment time is balanced against tumour cell
repopulation.

All models have limitations, as Einstein demonstrated of
of the Similarly,
Schroedinger’s work showed that deterministic models
cannot adequately describe the behaviour of subatomic
particles. Although quantum mechanics and relativity are
not yet fully compatible within any unified theory, in their
particular domains each model is highly accurate. Perhaps
this is the extreme example of models being useful even
when the entire process is not fully understood.

Similar examples are found in the field of biology.
Deterministic models, for example the population growth
models of Fibonacci, Malthus (1) and the later develop-
ments by authorities such as D’Arcy Thompson (2) and J
Maynard Smith (3), have resulted in many practical appli-
cations. Further progress resulted from statistical distribu-

the Newtonian model Universe.
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tion models such as the ‘t’ and ‘y%, which are routinely
used to determine the statistical significance of experimen-
tal outcomes in the presence of random biological
variation.

The mechanism of radiation action relies upon the pro-
duction of random lesions within the genome. Relatively
low radiation doses cause rare sporadic effects such as
leukaemogenesis (4). At higher doses, such as those used in
radiotherapy, the accumulation of many random lesions
produces a more predictable (and deterministic) outcome,
which translates to radiation dose—response curves for
tumour control and normal tissue effects. Although likely
to be complex, modelling of radiation-induced gene ex-
pression changes in addition to gene inactivation may
eventually be required to assist therapeutic decision-
making.

MODELLING DERIVATIONS AND CAVEATS

Models can be derived from either: 1) deductive reason-
ing—construction of a model from known scientific prin-
ciples and using it to predict results in particular
conditions, or 2) inductive reasoning—empirical observa-
tions of particular experimental or treatment conditions
are used to construct a model which predicts the observed
results.

Mathematical models are provisional, require appropri-
ate caveats and frequently need further refinements for
specific applications. All models should be reviewed when
further knowledge or relevant data are available. Empiri-
cal models should only be applied within the same ranges
as the original data used to obtain the model. A model
which includes both deterministic and probability terms is
likely to be a better approximation to reality in the bio-
sciences because of the influence of random variation on
biological parameter values.

WHY MODEL RADIOTHERAPY?

Radiation treatments usually follow standard (empirically
derived) prescriptions, there being very little use of models
in the prescription of radiotherapy. This is partly due to
the failure of earlier formulations and partly because of
the lack of accurate radiobiological data for individual
patients. The development of models that can be used with
data provided by predictive assays will inevitably lead to
greater use of modelling techniques.

The lack of use of modelling in treatment prescription is
in marked contrast to the long-standing use of sophisti-
cated mathematics in treatment planning, dosimetry and
imaging science. This paradox probably reflects the mis-
taken assumption that mathematics can be used to formu-
late the description of physical, but not biological, events.

Technical developments in radiotherapy can introduce
not only physical changes but also differences in dose per
fraction, dose rate, overall time, and so on. Following
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multiple simultaneous changes, it can be difficult to esti-
mate which of these exert the greatest influence on clinical
outcomes. Such situations ideally require the use of mod-
elling to estimate the separate contributions of physical
changes and biological parameter variations to treatment
outcome. The alternative is to perform a complex series of
randomized clinical trials: such exhaustive approaches
could not only take many years to fulfil but also consume
considerable resources. Mathematical modelling should
potentially occupy a central role in the process of decision-
making when multiple parameters contribute to the out-
come of radiotherapy. Modelling can be used to:

(a) identify potentially dangerous treatment schedules,
(b) optimize treatment outcomes,

(c) design better clinical trials, and

(d) test medico-legal issues.

The interacting factors which can be utilized in modelling
exercises are illustrated in Fig. 1. Practical examples of
where modelling has been found useful include assessments
of:

1. Over and under dosage in the gap or overlap regions
between two adjacent treatment fields (5).

2. Changes in biological effect caused by variations inher-
ent in treatment planning and treatment prescription
(6).

3. The incremental increase in target dose per fraction due
to air cavities in pituitary radiotherapy (7).

4. Changes in prescribed dose required to account for
variation in normal tissue radiosensitivity (8).

5. Patients suitable for accelerated radiotherapy (9, 10).

6. Effect of changing brachytherapy source dwell times
(11, 12).

RADIATION EFFECT MODELS

Power law models

The separation of the time and fractionation components
and the dominant effect of the fractionation exponent in
the power law found by Ellis (13) applied only to acute
skin effects (erythema and desquamation) and not to late
effects such as fibrosis. Yet this model formed the basis of
other empirical methods for adjustment of the total dose
for changes in overall time or fraction number.

|(;ENETIC .'SI | PHYSICS I
| ™~
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Fig. 1. Potential complex inter-relationships between radiation
physics, genetic characterization (A), radiobiological parameters,
clinical factors, mathematical modelling and optimal outcome.
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D=NSD-N*-T* [1]

Here, D is the total dose, NSD the nominal standard dose,
N the number of fractions, T the overall treatment time.
Data fitting gave respective values for x and y of 0.24 (for
5 fractions per week) and 0.11. This purely empirical
model required substantial modification for applications to
late reacting tissues (an increase in the fractionation and a
reduction in time exponents, respectively) (14). This model
is too rigid for complex biological tissues, cannot be
extrapolated to all tissues, leads to errors at low numbers
of fractions and overestimates the increase in total dose
with treatment hyperfractionation (15, 16).

Linear Quadratic model

The Linear Quadratic (LQ) model of radiation effect is
probably the best currently available model (17). It was
originally an empirical model used to fit radiation chromo-
some damage (18) and growth suppression (19). The use of
separate coefficients (¢ and f) for the separate types of
lethal radiation damage relate well to both single fraction
treatments and the process of fractionated radiotherapy
(20, 21). The model is adaptable to different tissue types
(early and late reacting) and satisfies the requirement that
isoeffective dose will not increase continuously with frac-
tion number.

The LQ model was deduced from first principles by
separate consideration of: (i) DNA base pair damage by
one high linear energy transfer (LET) ionization event or
by two interacting lowLET ionizations (22); (ii) molecular
events and their repair (23), or the rates of formation of
non-repairable and potentially repairable DNA damage
and repair processes (24).

The surviving fraction of cells (S) is expressed as

S —e (NUMBER OF LETHAL LESIONS) [2]
and in LQ form as
S = exp[ — ad] exp[ — fd’] (3]

The (negative) logarithm of the surviving fraction is then
related to radiation dose as

—1In S = ad+ pd? [4]

where d is the single dose.
The term —1In S can be replaced by E, defined as the
radiation log cell kill so that

—InS=E=(ad+ pd? [5]
For fractionated radiotherapy
E=n(ad+ pd?) [6]

where n is the number of fractions and the total dose
(D) =nd.
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Table 1

Calculated optic chiasm total doses (TD), rounded to the nearest 2

Gy, due to the air cavity effect and other errors inherent in

treatment planning. The intended dose is 50 Gy in 25 fractions. Two

values of o/f ratio relevant for neural tissue are tested. Modified
from reference (9), Br J Radiol, with permission

Physical Dose Increment: 7D in 2 Gy TD in 2 Gy
(reduced beam attenua- Fractions Fractions
tion+all planning errors)
(%) (/f=1Gy)  («/f=3Gy)
2.5 52 52
5.0 54 54
7.5 56 56
10.0 58 58

Biological Effective Dose (BED)

This useful concept allows easy comparison of different
radiation schedules. The development of isoeffect calcula-
tions (25, 26) allowed the use of tissue-specific fractiona-
tion sensitivity, defined by o/f. The BED is found by
dividing both sides of equation 6 by «

ie.

BED E D|1 d 7
“L=o[] 7
The bracketed term in equation [7] is the relative effective-
ness (RE), so that BED =Total Dose x Relative
Effectiveness.

The BED model represents the dose required for a given
effect when delivered by infinitely small doses per fraction
or at very low dose rates in the case of continuous
radiation. Thus, to achieve isoeffectiveness between two
fractionation schedules of total doses D, and D, and dose
per fractions of d; and d, respectively:

D<1+d‘>—o<1+d2> 8]
l af)  ? a/p

and o/f ratios can be estimated if parameters D,, D, and
d, and d, are known.

Relatively fixed generic values of «/f derived from
inbred animal experimental studies may not be representa-
tive of human populations because of natural variation in
o and f values in the latter. Even for tumours of similar
histology, radiosensitivity variations are a potentially sig-
nificant factor affecting the reliability of the BED concept
in the retrospective analysis of heterogeneous clinical data.

BED calculations can be used to express the equivalent
total dose in 2 Gy fractions for a given isoeffect. Such a
method provides clinicians with a familiar yardstick where
a risk estimate is required, for example the equivalent total
dose in 2 Gy fractions at the optic chiasm, where there is
reduced beam attenuation due to air cavities (see Table 1).
Such a method is relatively insensitive to changes in the
tissue «/f ratio due to the approximation made to express
the total dose in whole 2 Gy fractions in this example.
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Fractionation sensitivities: (o/f}) ratios

These may be derived from data sets where different
fractionation schedules have been used to achieve a com-
mon clinical endpoint (27). Typical «/f values are 10-30
Gy for squamous cell carcinomas (28, 29) and 4 Gy for
breast cancer (30). Brenner and Hall have recently esti-
mated the prostate cancer value to be only 1.5 Gy (31).
There is an urgent need to determine this important
parameter in all human tumours. Normal tissue «/f ratios
are generally smaller (1-4 Gy) than those for experimental
cancers and many human tumours.

Repopulation

The inclusion in the LQ model of the effect of cells newly
produced during treatment was an important advance (21),
the modified cell kill at time ¢ being:

E, =n(od+ ﬂz)—0.693L [9]
7Lﬁ

where T,y is the effective clonogen doubling time. For

clinical situations where there is an apparent time delay

before significant repopulation is detectable, a simple time

delay factor (7}) can be used:

E,=n(ad + pd?) — 0.693([ — T“) [10]
Terr

It must be emphasized that equation [10] is only applica-
ble when ¢> T, (erroneous values of E will be obtained
when these conditions are not fulfilled, for example in the
case of highly accelerated schedules).

A more mechanistic approach is to include the potential
doubling time T, and the cell-loss factor, the latter being
likely to decrease during radiotherapy because of improved
tumour microvascular perfusion. The cell-loss factor (¢ or
CLF) can be defined as the probability that newly created
cells will die of causes such as hypoxia and insufficiency of
nutrients and growth factors. Thus, (1 — ¢) represents the
probability that new cells will survive. After integration, to
allow for the likelihood that there is a slow exponential
reduction in ¢ (at a rate constant v) due to improved
perfusion during treatment (32), the net result is

In2
E=n(ad+ pd?) n-(t%(l —exp[ — w])) [11]
T pot y
where ¢, is the pretreatment CLF. This result may be used
to simulate the time course of tumour cell accelerated
repopulation data sets, as shown in Fig. 2.

Repair

When using multiple fractions per day there may be a
reduction in CNS tissue tolerance owing to incomplete
repair between fractions. Simple exponential repair models
(derived empirically) have not fully explained these effects
and many authors have postulated biexponential repair
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(fast and slow) mechanisms. Fowler currently advocates a
more fundamental approach, based on a physical-chem-
istry approach and where repair rate is a second-order
process. This repair model predicts more unrepaired dam-
age at longer intervals of time (e.g. 12—24 h) than in the
case of the conventional monoexponential first-order mod-
els. The subsequent incomplete repair equations derived by
Dale et al. allow for a considerably safer calculation of
isoeffective doses for multiple radiotherapy fractions per
day.

Hypoxia

Lack of oxygen reduces cell kill. For modelling purposes
the simplest assumption is that oxygen is purely dose
modifying (33). The reduced cell kill which occurs in
hypoxic tumours is given as (34):

E=n<“d+ﬁ‘f> [12]
qx qﬁ

where ¢, and g, are respectively the limiting values of
oxygen enhancement ratios (OERs) at small and large
doses per fraction. Equations that allow for the OER to
change with a wide range of fraction size, are available
(35). Two compartment models (hypoxic and oxic), where
a flux of cells between the two compartments represents
the process of reoxygenation, and where repopulation
occurs in the oxic compartment, have been described and
merit greater attention (36, 37).

Tumour cure probabilities, clonogen numbers and
heterogeneity |population effects

Tumour cure probability (TCP) can be estimated by use of
Poisson statistics (38). For a tumour initially comprising
C, clonogenic cells, TCP is expressed as a function of the
number of surviving clonogenic cells, C, at time ¢, when E,
is the log cell kill given in equation 6.

alpha 0,35, bera o33, SLE{GI =80, v=0,05%

10 24 30 40 5 &l 1a

TREATHENT DURATICN idays:

Fig. 2. Modelled generic curves for accelerated repopulation. The
50% tumour cure dose is plotted against treatment duration for
variable values of T, which governs the final slope. The rate of
change in the cell loss factor is assumed to be at 5% per day from
a pre-treatment ¢ value of 90%. For further modelling examples,
see reference (32).
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Fig. 3. Relationship between tumour cure probability (TCP) and
total dose (7D) in four settings: 1) no variation in parameters in
the LQ model (equation 9), and then sequential inclusion of
random variation in the parameters given in equation 11 for 2)
radiosensitivities, 3) potential doubling times, and 4) clonogen
numbers, cell loss factors and rates of change in cell loss factor.

C,=Cyet ™ [13]
TCP=e" [14]

Equation 14 is obtained from the Poisson distribution,
where the probability of complete success (TCP = 1) is the
special case of there being no surviving cells after therapy.

Dose—response curves constructed from this relatively
simple model describe the response of individual tumours
and have particularly steep slopes. Dose—response curves
for a population of tumours are considerably less steep,
probably due to inter-tumour heterogeneity of the parame-
ters which determine tumour cure (39).

A less steep curve can be achieved from the Poisson
model by use of multiple calculations utilizing variable
radiobiological and physical parameters to simulate inter-
tumour and treatment-related heterogeneity (40—42). Fig.
3 shows how the dose—response curves generated for
equation 9 become progressively less steep with the intro-
duction of randomly selected variations in the radiobiolog-
ical parameters. These variations allow for greater
curability at lower doses and greater incurability at higher
doses, the net effect being to flatten the curve. The slope at
the 37% cure probability level (where there is an expected
one surviving clonogenic cell, since e ~!' = 0.37) is reduced
by a factor of approximately 3 in this example. The
statistical ranges assumed for these random sampling cal-
culations are presented in Table 2. It should be noted that
in this case there is very little further change in the
dose—response slope after the radiosensitivity parameter
variations are included. However, the use of a much wider
range of clonogen numbers would further reduce the
dose—response slope. Thus, with some modification, the
Poisson method can be used to study the estimated cure
probabilities for whole populations of tumours or specific
subgroups.
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The alternative to Poisson statistics is the Logistic model
(43), which produces the less steep dose—response curves
characteristic of tumour populations. This method requires
only one (average) value for each radiobiological parame-
ter, but the outcome for population subgroups cannot then
be considered. The logistic model is consequently less
comprehensive (41) and cannot be used to optimize indi-
vidual treatment schedules.

A further option is to use predefined tumour dose—re-
sponse slopes or gamma factors (44). These factors nor-
mally refer to 2 Gy per fraction schedules. For alternative
fractionation schedules, use of gamma factors defined as
the percentage change in effect per 1% change in BED is
required. There are difficulties when applying gamma fac-
tors derived from population data to individual patient
risk estimation, because of the steeper slope in the latter
case.

Similar models exist for the calculation of normal tissue
complication rates. These may include volume-related ef-
fects based upon empirical modelling and limited clinical
dose—response data (45). Ideally, allowance should be
made for hierarchical organization of tissues, delayed re-
population, consequential radiation damage, age, vascular
status, concomitant medical conditions and previous
trauma or surgery, since all these factors can influence
radiation tolerance (46—49). The existing (rather physical)
NTCP models are complex to handle and have little
biological basis: the use of simpler BED isoeffect calcula-
tions is reasonable until better predictive models are
found.

A further uncertainty inherent in the calculation of TCP
is the number of pretreatment clonogens. These are often
derived inductively from existing clinical data sets where a
given dose schedule will result in a known TCP. Clonogen
numbers of 107—10° are usually used, based on the as-
sumption that 1 g tumour tissue will normally contain
approximately 10° cells. In larger human tumours, if only
1-10% of cells are clonogenic, a 100 g tumour could
contain 108-10° clonogens.

Table 2

Details of statistical distributions used for random sampling calcu-
lations. The normal distribution is assumed, with the exception of

the T,,, where a log-normal distribution is used

Parameter Mean value Standard
deviation
o (radiosensitivity) 0.35 Gy ! 0.05 Gy !
B (radiosensitivity) 0.035 Gy—2 0.005 Gy—2
¢, (pre-treatment cell loss  0.88 0.02
factor)

v (rate of change of ¢) 0.06 day—! 0.01 day~!

Tpo (potential doubling
time)
C (clonogen number)

5 days (log) 1.5 days (log)

5% 108 2x 108
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Variations in clonogen numbers can be used to simulate
the treatment of tumours of different volumes and hence
the impact of earlier cancer detection or the influence of
surgical debulking on cell kill or TCP following radiother-
apy (41, 50). Similar considerations apply to normal tis-
sues where tissue rescuing units or other functional units
(45, 46, 51) are used.

Derivation of radiobiological parameters from clinical data
sets

By application of the above equations already delineated
to the head and neck cancer data compiled by Withers et

al. (28), the following radiobiological parameters may be
indirectly estimated:

1. Clonogen doubling times seem to be around 40 days
during the first month of treatment and then shorten to
approximately 4 days (28).

2. Providing that improved microvascular perfusion pro-
motes accelerated repopulation, the pretreatment cell
loss factor (¢,) is the ratio of the initial and final slopes
of the TCDs, versus treatment duration plot (32). The
estimated (¢,) value is approximately 90%, which is
compatible with known values.

3. The half-life of the effective reoxygenation rate over
25-30 days is approximately 5—6 days. It follows that
the rate constant is approximately 0.693/6, i.e. ~ 10%
day—! (52).

4. The initial hypoxic fraction is estimated as 10-50%
depending upon which value of OER (and therefore
oxygen tension) is assumed (52).

Loss of tumour control with time

The loss of tumour control rate with time can be expressed
as —d(TCP)/d¢ and is therefore dependent on the ex-
pected TCP value at any instant (41). The form of this
relationship is seen in Fig. 4, where the maximum rate of
change in TCP occurs at a TCP value of 37%. Loss of
local control is 1-2% per day of treatment extension in
population studies and in heterogeneous population mod-
elling using random sampling. The effect appears greatest
in stage III cancers, where the expected tumour control
rate is around 30-50%. Smaller tumours (stage I), for
which a higher TCP is expected, may only show the same
rate of control loss at much longer overall times. Mod-
elling techniques have been applied to the frequently oc-
curring problem of how to compensate for unscheduled
treatment interruption (53-55).

Optimization of radiotherapy fractionation by modelling

Overall time can be optimized (56, 57). To optimize dose
per fraction in order to maximize tumour cell kill while
maintaining a normal tissue isoeffect, the following
method has been used (58, 59). Cell kill is expressed in
terms of tumour dose per fraction (z), normal tissue dose
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Fig. 4. Relationship between TCP and treatment duration with no
variation in parameters in equation 9. Also shown is the differen-
tial coefficient ( — d(TCP)/d¢), the rate of loss in TCP with time
(expressed here as a fraction of unity per day). The maximum loss
of tumour control with time in this tumour (x=0.35 Gy !,
B =0.035 Gy ~? T.+=3 days, 5 x 10® clonogens) rises to approx-
imately 7% per day at around 39 days when the TCP falls to 37%.
Further modelling in references (41, 54, 56).

per fraction (d), the average inter-fraction interval (f), the
normal tissue «/f ratio (k), the normal tissue geometrical
sparing factor (g) so that z = gd, and the average clonogen
doubling time (7). By equating the first differential co-
efficient (dE/dz) with zero, the resulting optimum dose per
fraction is given by the solution for z in:

(BT — 0gTu)z> + 1.386fgz + 0.693fk = 0 [15]

The optimum dose per fraction increases with shortening
of the doubling time, and respective reduction of radiosen-
sitivities, the g factor, and when the tumour «/f ratio is
reduced in order to be close to the normal tissue value.
For the majority of situations encountered in conventional
radiotherapy given when the interfraction interval (f) is
approximately 1.4 days, which represents 5 fractions per 7
days (days) (7 days/5 fractions = 1.4 days), the optimum
dose per fraction is 1.7-2.5 Gy when the g factor is 1.0,
which corresponds well with clinical experience (see Fig.
5a).

Fig. 5b includes calculations for a heterogeneous popu-
lation of 200 tumours with randomly selected parameter
variations similar to the previous examples. In this exam-
ple, the geometric sparing factor (g) is 0.75 (as may occur
in focal forms of radiotherapy) and consequently the opti-
mum dose per fraction increases and is approximately 4
Gy per fraction for f'= 1.4 days (i.e. 5 fractions per week).
The introduction of parameter variations produces consid-
erably less variation in cell kill with dose per fraction, but
the optimum dose per fraction turnover points remains
and such predictions are theoretically testable in the labo-
ratory and clinic. Studies of this kind, which are essentially
mathematical preclinical trials, could be used to guide
clinicians in the choice of appropriate dose fractionation
schedules in fractionation trials.
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Cost modelling

Modelling of overall costs based upon the cost per fraction
and the cost of treatment failure, based on a failure-related
cost x (1 — TCP), can be used to investigate the potential
cost implications of various aspects of radiotherapy (50,
59). The optimal dose per fraction derived from the cost
model is not identical to the biologically optimized dose per
fraction discussed above. In general, the extra initial costs
of more complex fractionation schedules and/or greater
treatment sophistication are seen to be justified when good
gains in TCP and reduced overall cost are predicted.

Selection of treatment technique

Use of an optimization method, as outlined above, does
emphasize the instances where treatments may need to be
specially adapted; for example:

1. accelerated hyperfractionated radiotherapy, for tu-
mours with short tumour clonogen doubling times,

2. more focal forms of radiotherapy, in order safely to
provide a higher total dose to more radioresistant
tumours, or
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Fig. 5. TCP for equal late tissue effect of 120 Gy BED plotted
against tumour dose per fraction for variable inter-fraction inter-
vals (f) and where there is (a) no normal tissue sparing and (b)
where there is normal tissue sparing (g = 0.75) for 200 tumours
using random sampling in all radiobiological variables with accel-

erated repopulation. Further examples can be found in references
(58, 59).
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3. for tumours with rapid clonogen repopulation and
intrinsic radioresistance, by a combination of both the
above approaches.

The separate contributions of radiosensitivity and dou-
bling times to the cure probabilities require to be known
before a rational decision can be made. One way of
achieving this is to calculate the partial differential coeffi-
cient for each parameter e.g. d(TCP)/da and d(TCP)/
d(T.s) The ratio of these two derivatives provides the
relative importance of these two parameters. This ap-
proach may also be of help in making a decision about
which form of molecular/gene biotherapies (which may
specifically target radioresistance or proliferation) to use
during radiotherapy in individual patients (vide infra). For
example, where d(TCP)/do far exceeds d(TCP)/d T, then
the use of therapies which change radiosensitivity (and/or
the use of a higher dose by focal radiotherapy) will have a
greater impact on TCP than biotherapies designed to
reduce repopulation (and/or the use of accelerated
radiotherapy).

Tumour volume changes and brachytherapy

Modelling of brachytherapy has been extensively reviewed
(60). The inevitable physical dose gradients and temporal
variations in treatment application do interact with the
classical radiobiological parameters. Conversion of physi-
cal to biological dose is possible through special adapta-
tions of the LQ model. The optimal timing of
brachytherapy relative to external beam radiotherapy (tele-
therapy) will depend on the tumour repopulation and
shrinkage rates. Teletherapy is frequently given to large
treatment volumes, including the primary tumour and
surrounding areas of potential microscopic tumour infiltra-
tion and nodal metastases. Any tumour shrinkage will
allow for an increase in tumour dose at subsequent
brachytherapy, providing this is prescribed at a standard
distance. The brachytherapy kill will vary with time, as is
shown in the example in Fig. 6. The tumour cell kill will
improve with time only if the tumour repopulation rate is
insufficient to overcome the dose advantage gained due to
continuing tumour regression. Adverse combinations oc-
cur when the tumour cell doubling time is short and the
regression rate is slow: in such cases either 1) brachyther-
apy should be used sooner (during or before teletherapy),
or 2). additional treatment modalities such as chemother-
apy are indicated after teletherapy in order to minimize
repopulation, while allowing tumour shrinkage to continue
to a stage where brachytherapy can be effectively used.
The geometric conditions of treatment can also exert a
marked influence. For example, in the placement of linear
brachytherapy sources in intralumenal therapy, poor
source positioning relative to the tumour centre can negate
the potentially beneficial effect of shrinkage. Similarly, the
inter-fraction interval for fractionated high-dose rate
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Fig. 6. Modelled relationship between brachytherapy cell kill and
time relative to teletherapy, which is assumed to cease at r=0.
The tumour linear shrinkage rate (z per day) is varied and the
effective doubling time is assumed to be 5 days. Further modelling
references are given in reference (60).

(HDR) brachytherapy is shown to be related to the ratio
of the regression rate and the tumour effective doubling
time, so that in the majority of clinical situations mod-
elling studies predict that the inter-fraction interval should
be kept reasonably short.

The occurrence of steady-state exponential tumour vol-
ume regression commences during the first week of tele-
therapy in cervix cancer (63). If accelerated repopulation
effectively commences at around 21-28 days during tele-
therapy of squamous cancers, then brachytherapy should
ideally be performed at around this time, when the dose
benefits of tumour shrinkage will not be opposed by
significant repopulation. Table 3 shows the use of com-
puter random sampling methods in the attempted opti-
mization of the time of onset of HDR brachytherapy
relative to teletherapy (45).

The use of gene-specific therapies offers a future
prospect for prevention of accelerated repopulation, which
could then provide greater scope for using brachytherapy
(or other focal forms of radiotherapy) to small residual
tumour volumes at longer time intervals after teletherapy
(60).

Genetic and molecular biology interactions with
radiotherapy

It is timely to assess the potential impact of new molecu-
lar-based biotherapies designed from tumour genetic re-
search by modelling studies. Radiosensitization by various
methods have been simulated by Wheldon et al. (61). The
fact that antisense therapy exposures of up to 14 days can
induce useful tumour kill (62) should be of considerable
significance in radiotherapy, where changes in cellular
phenotype for periods of even 7-14 days could exert
significant benefits. Fig. 7 illustrates the estimation of
improved TCP where 1) repopulation is halted for a
variable duration (x days) by the biotherapy, and 2) the
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cell population is radio-sensitized for a variable number of
treatment fractions.

Even in heterogeneous populations, involving widely
varying biological parameters, substantial gains in tumour
control are predicted. Equations for these scenarios are
presented in the Appendix. The authors have also devel-
oped a more complex model, allowing for variations in
blood flow and, consequently, the delivery of biotherapies
to a variable proportion of cells during radiotherapy.

Mechanisms and hypotheses

Modelling can help create testable scientific hypotheses.
Recent MR imaging studies of patients with cervical can-
cer showed that the tumour shrinkage rate correlated well
with the percentage change in gadolinium concentration
during the first 2 weeks of radiotherapy (p <0.05) (J.
Brunt, pers. comm.). Tumours with increased gadolinium
uptake at 2 weeks shrink rapidly, and vice versa. Gadolin-
ium uptake depends on blood flow and vascular perme-
ability. Tumour regression rate may
determined by the prevailing tumour blood flow that will
control the efficiency of the rate-limiting process of dead

therefore be

Table 3

TCP values for four teletherapy (45 Gy in 25 fractions given over 35

days) and high dose rate brachytherapy (HDRB) schedules (3x 6

Gy at 1 ecm from a line source inserted through the centre of a
spherical tumour measuring 3 cm at the onset of all therapy)

TCP TCP TCP
(random 1) (random 2) (random 3)
Schedule A
S'=0 days, 0.209 0.258 0.318
T =35 days
Schedule B
S'=14 days, 0.232 0.294 0.343
T =42 days
Schedule C
S =28days, 0.202 0.282 0.315
T =56 days
Schedule D
S =36 days, 0.330 0.390 0.453
T =40 days

Schedule A: HDRB commences on day 1 and is repeated at
14-day intervals (overall time 7 = 35 days, with final brachyther-
apy treatment at 28 days).

Schedule B: HDRB commences on day 14 and is repeated at
14-day intervals (7 =42 days).

Schedule C: HDRB commences on day 28 and is repeated at
14-day intervals (7 = 56 days).

Schedule D: HDRB commences on day 36 and is repeated at
2-day intervals (7= 40 days).

Calculations assume a population of 100 tumours with random
selection of tumour shrinkage rates, o, £, C, v, Tpor and ¢g. The
symbol S refers to the time interval between the onset of telether-
apy and the first fraction of brachytherapy. Three randomization
exercises are given.
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Fig. 7. Tumour cure probabilities plotted against the number of
biotherapy-sensitized fractions (by a factor s=1.5) for 200 tu-
mours treated to a total of 30 fractions at 1.8 Gy per fraction.
Cytostatic biotherapy is also used for a variable duration (x days)
in tumours where there is continuous repopulation (mean T.=5
days). The parameter variations are given in Table 2. References
(37, 38, 71) consider radiosensitization modelling.

cell clearance, particularly since tumours do not possess
a lymphatic system that performs this function in normal
tissues. The observed gadolinium changes show that tu-
mours may either undergo reduced or enhanced micro-
circulation flow rates as a response to radiotherapy. In
the former case, a chaotic tumour vascular structure
such as that found in poorly differentiated tumours
could further deteriorate because of enhanced killing of
vascular cells relative to tumour, causing more A-V
shunting, etc., so that the cell loss factor would initially
increase and the hypoxic fraction would remain relatively

)

FERFUSION IMPROVES: RAPID SHRINKAGE & ACCEL REPOPULATION

,
/

—— TunsuIr wzlume ;’
~zll lass Zactov
Lbloed flow

RELATWEBLOOD FLOWAND TUNMQURWOLUME %)

0 ks
TREATMENT DURATION days)

HYPORIGFRACTION SELL L CESAND RELAT [YEREPCR J_ATION %)

Fig. 8. Hypothetical model of two tumours—each with a T
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high. The net result is that, regardless of the T, value,
there is little or no effective repopulation during radio-
therapy.

Where blood flow rates can progressively improve, ow-
ing to a more ordered vascular structure as found in
more well-differentiated tumours, the cell loss factor de-
creases. As a result, the hypoxic fraction falls to a low
value (after the inevitable initial increase due to selective
killing of oxic cells) and there is very effective repopula-
tion during the latter half of radiotherapy. Thus even if
both these tumour types had a T, value of 5 days,
accelerated repopulation during therapy will only occur
in the ‘rapidly shrinking’ tumour. These hypothetical ex-
amples are modelled in Fig. 8 and the equations pre-
sented in the Appendix. These models are testable by
sequential dynamic CT, MR and PET imaging studies
(63-66) and also by oxygen microelectrode studies (67).
There is some evidence that accelerated repopulation is
restricted to the more well-differentiated squamous car-
cinomas (68). This hypothesis can explain why pretreat-
ment 7, alone is not a very good indicator for
outcomes after accelerated radiotherapy (69).

CONCLUSION

A greater appreciation of the scope, applications and
limitations of radiobiological modelling is required
within radiation oncology. There will probably be in-
creasing applications of modelling in practical situations
such as treatment planning dose volume analysis (70),
optimization of therapy determined by predictive assays,
schedule design in clinical trials, testing applications of
new biotherapies, in hypothesis development and
medico-legal cases (71).
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ot 0f 5 days, (a) in which a relatively well-ordered pretreatment tumour

circulation allows for a progressive improvement in tumour perfusion during radiotherapy. The cell loss factor, hypoxic fraction (after
an initial increase) and tumour volume reduce relatively rapidly (c. 5% per day). There is effective repopulation during radiotherapy,
particularly after 20—30 days has elapsed. (b) In which a chaotic pretreatment tumour circulation produces an initial reduction in absolute
tumour perfusion, followed by a very slow reduction in the hypoxic fraction, and therefore a slow reduction in cell loss factor and
shrinkage rate. There is very little repopulation during radiotherapy, regardless of the pretreatment T, value.
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APPENDIX A

Molecular biotherapies

TCP=exp|:—c~exp|:—E, —E2+Of93 (T—X)}:| [A1]

eff
where E|, and E,, are the log cell kill values, i.e. n(ad + fd>),
in each respective phase, E, being the unsensitized conven-
tional radiotherapy and E, that during the radio-sensitising
biological therapy. If there are m fractions each sensitized
by an average dose modifying factor s, then E, = m(asd +
Bs2d?). When the use of cytostatic biotherapy is effective for
a duration x days, x is subtracted from 7, the overall time.

Relationship between regression rate, ¢, hypoxic fraction
and repopulation

These graphics are constructed using equations given in the
text but also assume that the same rate parameter (v) is
approximately valid for the rate of change of ¢, for the
reoxygenation rate and regression rate constant.

Hypoxic fraction after n fractions approximates to
SFhp
SFhyp + SFo,
where SF,, and SF,, refers to surviving fraction after 2 Gy
in hypoxic and oxic conditions, respectively. The cell loss
factor is assumed to follow the same time course as the
hypoxic fraction when tumour blood flow is reduced during
radiotherapy; where tumour blood flow increases during

radiotherapy the ¢ is assumed to fall exponentially.
Regression rate is given by v in V= V,,-exp[ — vt] where
V' refers to the tumour volume at times ¢ and zero
respectively.
The instance of a reduction in tumour blood flow (F) may
be simulated by a general polynomial function, i.e.

F= —at+bt*>—ct? [A3]
For an increase in perfusion with time, a general asymp-

totic function is used:

V1= Yimin + (1 = exp[ — k1)) (Vimax — Vmin) [A4]

where ., is the initial perfusion rate and y,,,, the final

value, k being the rate constant.

exp[ — vt] [A2]



